Boson expansion theory is extended so as to allow for the coupling of several fermion-like valence particles or holes to the collective vibrations of a closed shell, described in terms of boson degrees of freedom. The result is a faithful mapping of the original many-fermion problem into a certain boson-fermion subspace without redundant variables. Generalizations of the Dyson and Holstein-Primakoff representations are derived with the aid of algebraic techniques. § l. Introduction
The boson expansion method exploits the remarkable fact that fermion behavior can be perfectly replicated within a subspace of a suitable boson Hilbert space.ll It provides an ideal microscopic avatar for phenomenological theories of collective motion, from the venerable Bohr-Mottelson model to that current cynosure, the IBA, all of which are formulated in terms of bosons. 2 > Following the pioneering work of Beliaev and Zelevinsky 3 > and of Marumori, Yamamura and coworkers, 4 > the subject of boson expansions has had a slow and, at times, precarious evolution/> but is now in the midst of a renaissance. It has even been applied recently to particle physics. 5 > The renewed popularity of boson expansion theory is certainly due in part to its utility and the interest in the IBA; but the opportunities for rederivation by the most fashionable methods, such as path-integration, 6 > generalized coherent-state representations,n etc., have probably also played a role.
In the usual boson expansion method, the entire fermion space is mapped injectively into the physical subspace of the so-called ideal space. The orthogonal complement of the physical subspace is called the unphysical subspace, since it has nothing to do with the fermion problem. If the number of particles is even, the physical subspace is purely bosonic with a distinct boson for each fermion-pair excitation. 8 >, 9 > If the number of particles is odd, the physical subspace lies in the tensor product of the boson space with the space of an ideal odd fermion. Therefore, all fermion pairs are bosonized, and at most one nucleon may persist as fermion-like.*>,lo>.m *> Such a solitary odd nucleon could also be described as a boson. Thus, the ideal space for odd-particle systems could be chosen as purely bosonic.
Although it is mathematically possible to describe totally uncorrelated fermion systems in terms of bosons, bosonization is most appropriate for collective degrees of freedom. Situations may arise when bosonization of all fermion pairs may not be the best description. For example, in the latest version of the phenomenological particle-vibrator model, called the cl uster-vibration model, collective excitations of the core are described in terms of (phenomenological) bosons, but clusters of valence particles or holes interacting with the core are described as ordinary fermions.m In order to obtain a microscopic analog, it is therefore necessary not to bosonize all pairs, but to allow some to remain their fermion identities when several valence particles or holes are added to a closed shell. Specifically, only particle-hole excitations of the closed shell should be paired as bosons, while the excess particles or holes are treated essentially as fermions. In these lectures, it is shown how the formalism of Refs. 10) and 11) can be generalized to cover this situation. This new formalism is called the boson-fermion expansion.*> The advantage is that an open-shell model calculation can then be performed taking into account collective core excitations, either indirectly, via core-polarization contributions to the effective interaction, or directly, in the spirit of the cluster-vibration model. It should be emphasized that the formalism of Refs. 10) and 11) could also be directly applied to these nuclei, but pairs of valence particles or holes would then be described as pair-transfer bosons (pairing vibrations) leading to different approximations. Of course, experiment must ultimately ascertain which description is best.
The main focus of these lectures shall be on the heuristic reasoning and the tricks of the trade utilized in the algebraic approach to boson and bosonfermion expansions.w' 15 > Up to now, no real applications of the latter have been made, with the exception of the special (quasispin) boson-fermion expansion of Suzuki and Matsuyanagi, who obtained a description of seniority in which pairs of nucleons coupled to zero angular momentum are bosonized, while other kinds of pairs retain a fermion-like identity. 16 > The applications of this elegant expansion shall not be discussed, however, not only because of lack of time, but also because it would be like "carrying coals to Newcastle".**> We begin by specifying the nature of the ideal space whose elements are boson operators and "ideal quasiparticles". Next, a generalized Dyson *> Equivalent results can probably be obtained using nuclear field theory (NFT),"> but this approach requires redundant variables (all boson+all fermion degrees of freedom), unlike the present method. 
including the subspaces with equal numbers NB of particles and holes, and those with an excess nP of particles or n, of holes.
In the ideal space, the fundamental operators include, first, the boson annihilation and creation operators Btp and B 1 "=BL, respectively, which replace the degrees of freedom of particle-hole pairs a_.at and a 1 a .. , and obey the commutation rules*> (2·4) and, second, the ideal particle annihilation and creation operators a1, at==a/, and the ideal hole annihilation and creation operators a_., a .. = a_. t, which commute with the bosons,
and obey an algebra discussed below [Eq. (2 · 8)]. The ideal particles and holes, referred to collectively as ideal quasiparticles, represent the valence nucleons.
The aim now is to map the fermion space into the ideal space, whose physical subspace is that generated by the fermion-boson vacuum jo), satisfying
together with the following antisymmetric vectors, which are in correspondence with (2·3):
where fP P ( fP ,.) are permutations of particle (hole) indices. These vectors, which are mutually orthogonal but not normalized, are Dyson images of (2 · 3). They represent a straightforward extension of the Marumori-Yamamura basis.'> Since the degrees of freedom of particle-hole pairs are to be completely preempted by the bosons in the ideal space, ideal particle-hole pairs ata" and a,a1 should be eliminated to prevent redundancy. There are two ways to accomplish this aim. One is to allow the ideal quasiparticles to obey ordinary fermion anticommutation rules paralleling (2 ·1) but, at the same time, to banish states containing pairs a 1 a" to the unphysical subspace. Thus, for example, the normalized antisymmetric states YJJio) and (2) -112 (atB 1 guaranteeing the nonexistence of ideal particle-hole pairs. It can also be seen that 1-EP is the projector to the subspace containing at least one ideal particle and 1-E,. is the projector to the subspace containing at least one ideal hole. The projectors may, if desired, be represented by the expressions where
are number operators for ideal particles, holes and their sum, respectively. In (2 ·10), the relations (2·12) implied by (2 · 9) for an arbitrary function f, were used.
A realization of the algebra (2 · 8) can be given in terms of ordinary particle and hole operators, affording, first of all, a check on its consistency and, second, establishing the essential equivalence of the two approaches. If the ideal space is regarded as the tensor product of the fermion and boson spaces,*> then the ai> a 1 can be defined as restrictions of the a I> a 1 , obeying the algebra (2·1), to the subspace which contains no ata" pairs as follows:
(2 ·13) *l Thus, the ideal vacuum lo) =lo)®lo)s, the product of the fermion and boson vacua.
Here, the projectors are given by
The operators defined by (2 ·14) play essentially the same role in the tensor product space as do (2 ·10) and (2 ·11) in the more abstract spaceY The only difference is that the former space is extended to contain redundant vectors with ata.u pairs which are annihilated by the projectors defined in (2 ·14). At any rate, it is easy to check that the operators defined by (2 ·13) and (2 ·14) do indeed fulfill the algebra (2 · 8). The physical states (2 · 7) are then invariant to the replacement a 1~a1 • From now on, the connection (2 ·13) is not used, but rather the more abstract algebra (2 · 8) "-" (2 ·10), which is a bit more convenient. § 3.
Generalized Dyson representation
Although it is possible to explicitly construct a mapping V from the fermion basis (2 · 3) to the physical ideal basis (2 · 7) and use this to map fermion operators into the ideal space, it is more convenient to reverse the procedure and first construct the ideal images of elementary operators so as to preserve commutation relations and vacuum conditions and then to use these to build up the physical subspace. Now, the fermion-pair operators conserving particle number satisfy the algebra
as IS easily verified from the anticommutators (2 ·1). If there are altogether n0 single-particle states (A hole states and n0 -A particle states), then (3 ·1) *> Of course, in the extended tensor product space, the operators defined by (2 ·10) in conjunction with (2 ·13) are not equivalent to (2·14), and it is the latter which should be used.
is equivalent to the algebra of generators of the group U(n0), *> containing the subalgebra (3 ·1a), which corresponds to U (n0 -A) X U (A). Equations (3 ·1) constitute the fundamental Lie algebra for the closed-shell system. The procedure now is to seek a mapping onto generalized Dyson operators, which preserves (3 ·1) on a dense subset of the ideal space, and also the vacuum conditions 
Actually, Eqs. (3 · 3a) constitute an ansatz which fulfills the subalgebra (3 ·1a) and the hermitian conjugation
The physical motivation for the ansatz is that it gives the correct result for the Dyson image of the Hamiltonian in the limit of vanishing interactions, namely,
with physical eigenstates given by Eq. (2 · 7). Equation (3 · 3b) is also an ansatz which then guarantees fulfillment of (3 ·1 b) and (3 ·1d). Equations (3·1c) and (3·1e) do not determine (aiap)D uniquely, but (3·1f) does, leading to (3 · 3c), which also takes care of (3 ·1c) and (3 ·1e). The next step is the construction of the Dyson images of single fermion *> This is easily seen if one defines
so that (3 ·1) can be compactly written as
where the indices a, b, c and d run over all no single-particle states.
operators, whose commutators with the bifermion density operators just considered are
The commutators (3·7a)"'-'(3·7c) cannot determine (a1)D and (ai)D uniquely, but the strong conditions (3 · 7 d) lead to the result with
which also takes care of (3·7a)"'-'(3·7c). In (3·9), use has been made of the identities
In addition, the vacuum condition
is also satisfied. The Dyson operators (3 · 3) and (3 · 9) are sufficient to permit the construction of the physical subspace, defined as the subspace generated by the replacement m Eq. (2 · 3). This turns out to be identical to the subspace generated by the states (2 · 7), which can be written in the form 
The proof is simple. First of all, from the forms of the operators (3 · 3c) and (3 · 9) it is clear that the states on the r.h.s. of Eqs. (3 ·11) all contain NB bosons, that on the r.h.s. of (3·11b) has in addition np ideal particles and that on the r.h.s. of (3 ·11c) has n,. ideal holes. It only remains to prove that these states are fully antisymmetric. Actually it is only necessary to prove the first equation on the r.h.s. of (3 ·11a) for NB = 2 and the second for NB=1, and, next, (3·11b) for the cases np=1, NB=1 and np=2, NB=O, and finally (3 ·llc) for n,. = 1, NB = 1 and n,. = 2, NB = 0. This is easy to do by explicitly operating with the A 1 and Ri" on the vacuum. Using the fact that Ai, A" and Ri" all commute, it is trivial to show that the general states (3 ·11) are antisymmetric to the exchange of any two particle or any two hole indices. Finally, if the condition B"i = -Y" is imposed, these states become antisymmetric to the exchange of any two indices.
Let P denote the projector to the physical subspace spanned by the states (2 · 7) or (3 ·11). Then the following relations can be proved:
What these equations mean is that the operators Q leave invariant the following subspaces: the physical subspace in (3 ·12a), its complement, the unphysical subspace in (3·12b), and both subspaces in (3·12c), i.e., the ideal subspace is then reduced by Q. The in variance of the physical subspace, PQP = QP, is obvious for the operators Ai, A" and Ri" from Eqs. (3 ·11); it also holds for the operators Ri" = Bi"' At, Att, A/ and A/ because of their commutation rules with Ai, A~' and Ri" and the fact that they annihilate the vacuum lo).
Then, by hermitian conjugation, PQtP=PQt, (3 ·13) (3·12b) holds for Q=Bi", and also QP=PQ for Q=A/ and A/, taking into account Eq. (3 · 5). The in variance of the physical subspace under the operator ai (a") is clear from the fact that it annihilates all physical states except those containing at least one ideal particle (hole), in which case it acts just like At (A .a), which completes the proof of (3 ·12a), and also (3 ·12b) because of (3·13). Finally, PQP=QP for Q= (Ai)t, (A~')t and (Ri")f since these are seen to be linear combinations of operators which leave the physical subspace invariant. Use of (3 ·13) then completes the proof of (3 ·12c).
An operator V can now be defined which maps the fermion states (2 · 3) into the ideal physical states (2 · 7) or (3 ·11) by l~)n= VI~), (3 ·I4) where ~ stands for a sequence of single-particle indices, such as it111 .. ·iNBilNB• etc. The inverse transformation v-1 is defined so that v-1 lu) = 0 for any unphysical vector lu), and thus
where IF is the identity operator in the fermion space. For any fermion operator F, one can construct the ideal operator VFV-1 = PFnP, which annihilates any unphysical vector, unlike the Dyson operator Fn. Then, from Eqs. (3 ·I2), the elementary operators have the following images:
Equations (3 ·I5) and (3 ·I6) immediately imply the following identities in the physical subspace: which guarantee that there is no difference between a product of two singlefermion Dyson operators and the corresponding bifermion Dyson operator in the physical subspace. In the same way, by sandwiching the anticommutators (2 ·I) in the order v ( ) v-t, one finds {AI, AJ}P=CJ/P, {AI, ~}P= {AI, AJ}P=O,
so that the fermion anticommutation rules are preserved in the physical subspace, although certainly not in the whole ideal space. Equations (3 ·I7) and (3 ·I8) can be checked directly by multiplying out the operators defined by (3 · 3) and (3 · 9), using the Pauli identities (A· 3), (A· 9), (A ·I2) and (A ·I7) derived in the Appendix.
So far, only the Dyson images of bifermion density operators have been derived, but not those of two-particle transfer operators. It will now be shown that these can be simply expressed in terms of the single-fermion Dyson operators. "'
Having already determined the Dyson images of the density operators, one seeks the Dyson images of the pair-transfer operators which satisfy (3 ·19) on a dense subset of the ideal space, together with the antisymmetry conditions (3. 20) and the vacuum requirements
Direct mapping of these operators gives, for example, Va1aJV-1 = A1 A,P. However, A 1 AJ is not the Dyson operator since it does not satisfy (3 · 20) , nor does it satisfy the relevant commutators of (3 ·19). On the other hand, the order of the fermions can be changed so that one may also write which just corresponds to one of the identities (3 ·18) and suggests taking the mean:
The expression i [A1, A.r] is antisymmetric, as required, and, indeed, provides the correct prescription for obtaining the Dyson operators. Treating the other operators in the same way gives and so forth. In this way, it is easily seen that although the Dyson images do not form a Lie algebra on a dense subset of the ideal space, one at least has a representation of 0(2n0 + 1) in the physical subspace, which, after all, is the only subspace connected with the fermion problem.
As a final point, the preservation of all commutators involving density operators guarantees that the mapping preserves all constants of motion, which are functions of the density operators, on a dense subset of the ideal space. This is very important for the proper treatment of the so-called "spurious states" arising from broken symmetries. 
Let denote the transformation of any of the operators (3 · 3) and (3 · 9). Then, with the aid of the relations 
Denoting the normalized physical basis vectors by I~) = Si~)D, one has from
Next, using the obvious relations (4·7) it is easy to calculate for any fermion operator F, the transformed operator For each Marumori image in (4·9b) and (4·9c), there are two forms, the first obtained from ( 4 · 8), and the second obtained from the first with the aid of one of the identities in the Appendix. For ( 4 · 9b), the identities (A ·12) and (A ·19) were invoked while for ( 4 · 9c), (A ·15) was used, together with the hermitian conjugates. From ( 4 · 9), it is apparent that the hermitian conjugations *> The Marumori operator should be distinguished from the Marumori expansion, which is a particular way to write the operator as an infinite normal-ordered series and is not used here. 
with the other operators obtained from ( 4 ·10) recalling that (A/) t =A/. (4 ·12) with the other operators obtained from (4 ·13) Although there is some formal similarity between ( 4 ·11) and the HolsteinPrimakoff representation, there are some discordances as well. In fact, the operators multiplying the projector P in ( 4 ·11) do not constitute the generalization of the HP representation, in particular, because the essential properties of a perturbative expansion are lacking. But (4·11) does constitute an interesting and simple representation in its own right and deserves further study. It appears that so far only one application of this type of representation, a nonperturbative one/ 9 ) has been made, but this was enough to suggest its potential power.
For the two nucleon transfer operators, the analogous results obtained from Eqs. (3·12), (3·22), (4·5), (4·7)'"'-"(4·9) are (aiaJ)M=HAI, AJ]P=t[(A 1 )t, (AJ)t]P,
The GHP representation can indeed be derived from (4·11) by making use of appropriate identities given in the Appendix. It shall be shown that the operators ( 4 ·11) can be formally rewritten as follows: 
F(N B, n) a' a,= F(N B, np) aia,' F(N B, n) a" a,= F(N B, fin) a" a,'
which hold for an arbitrary function F as a consequence of Eq. (2 · 9), applied to F(NB,n)=(1+NB+n)-112 , the second form of (a"al)M given by Eq. (4·lla) can be rewritten as follows:
The last term of ( 4 ·18) can be written in two ways smce (4 ·19) where Invoking the identity (A· 29) and (3 ·12a), one obtains then for the last term of (4·18)
"P= [(I-AB) 112 ]""B!,P.
(4 ·20) Actually, as has been shown elsewhere;o> the last equality in (4·20) formally holds also without the P. Therefore, it is convenient to define *> Strictly speaking, these are properties which hold for each term of the Taylor expansion.
( 4· 21) which accounts for the last term in ( 4 ·15a). Application of the identity (A· 26), together with (3 ·12a) to the remaining terms on the r.h.s. of Eq. (4·18) then completes the derivation of (4·15b). Taking note of Eq. (2 ·12), one may rewrite (a1) M in the form
Application of the identities (A· 26), (A· 35) and its hermitian conjugate, together with (3 ·12b), and the commutation of P with any function of fl then leads to ( 4 ·15c) for (a;) GHP· The derivation of (a") GHP is analogous. Equation (4·15a), of course, requires no further proof. It is easily proven that
P(a"a;)GHPP= (a"a,)GHPP, P(ai)GHPP= (ai)GHPP, P(a 1 a")GHPP=P(a'a")GHP= (a 1 a")GHPP,
In fact, noting that PFM=FMP=FM for any Marumori operator FM, leaves one only the second equality in (4·23b) and in (4·23c) to prove. These follow from PR'"=R 1 "P and PIP=A 1 P, consequences of (3·16) and (4·3), together with the fact that both sides of the identities (A· 26) and (A· 29) are products of commuting factors. Now it is easy to see that the two-particle transfer operators ( 4 ·12) can be written in the form 
n=O n=O n=O it Is clear that separation of orders in z requires that the commutation relations must be fulfilled in each order as follows:
independently of the value of z or whether the expansions (4·26) converge. Now, as discussed in the Appendix, the square-root operators in Eqs. (4 ·15) are defined by the formal Taylor expansions, although a small expansion parameter z is not explicit, and this is responsible for the nonconvergence.
But, as is further emphasized, there is no problem in practice since angularmomentum coupling, introduction of RPA bosons, etc., eventually introduce a small expansion parameter. It can be shown that the GHP operators ( 4 ·15) and ( 4 · 25) satisfy the same algebra as the corresponding Dyson operators, comprising the commutation relations (3 ·1), (3 · 7) and (3 ·19), and moreover, these commutation relations are fulfilled order-by-order. That this is so is not obvious from the way the GHP representation was derived and therefore must be checked explicitly. In fact, the GHP operators can also be derived by starting with the ansatz (4·15a) for (araJ)GHP and then requiring that the commutation relations be satisfied order-by-order together with the hermitian conjugation conditions. The details, which are straightforward but tedious, are omitted.
In the case of the simple HP representation, the expansion parameter is Q-11 \ and the perturbative structure similar to ( 4 · 27) is easy to verify. In fact, the structure for the GHP representation is completely analogous. The analogy can be made clear by making the following replacements on the r.h.s. of Eqs. (4·15):
The new operator thus obtained from (F) GHP is denoted by (F) x• and since (F) x;-:J (F) GHP, (F) GHP can be defined as the continuation of (F) x for x = 1. *> The parameter x plays a role analogous to Q and serves to keep track of the relative orders. Expansion in powers of x-112 gives 00 00
( GHP , (ar) x = I:; x-<n; 2 J (ar) S'JJl , 
Then, for example, the commutator (3 ·lf) is fulfilled order-by-order according to the pattern in which the indices a, b, c, d run over both particle and hole states and for brevity, the fermion operators r;1 =a1, r;1t=a\ r;"=a", r;/=a" were introduced.
The two-body interaction Fac,M is coherent in the particle-hole channel and is not antisymmetrized, while Gab,ca is coherent in the particle-particle channel and is antisymmetrized. Interactions of this type have been used by the Copenhagen school and also in connection with the theory of finite fermi systems. The image of (5 ·1) in the ideal space may be written in the form
where (5·3)
The r.h.s. of (5 · 2) Is hardly unique, because of the identities in the physical subspace. In particular, it should be noted that the prescription uses the images of bilinear fermions, rather than the products of images of single-fermion operaters. This guarantees that (5 · 3) commutes with the GHP images of constants of motion on a dense subset of the ideal space, not just the physical subspace, greatly simplifying the handling of spurious states arising from symmetry breaking, and also properly exploiting the coherence properties of the interactions.
The next step is to simply insert the expansions into (5 · 3) keeping together terms of the same order in the expansion parameter. The Hamiltonian takes the general form
where HP is a Hamiltonian for the (ideal) valence particles, H, for the valence holes, including, of course, interactions, HB is a purely bosonic Hamiltonian, describing the coherent particle-hole excitations of the closed-shell core, and, finally Hcoupl couples the bosonic and ideal quasiparticle degrees of freedom. If the single-particle basis is chosen as the Hartree basis*) for the closed-shell system, then to leading order HB is just the RP A Hamiltonian, while higher orders correspond to anharmonic corrections. The Hamiltonian (5 · 4) can be treated by perturbation theory to any desired order. A particularly convenient technique is to use successive unitary transformations. It is then easy to see that removal of Hcoupl by unitary transformations gives rise to effective interactions among the valence nucleons, including many-body forces.
Instead of (5 · 2), the Dyson image VHV-1 = HvP can be found. To obtain Hv, one need only replace ( ) GHP by ( )v in Eq. (5 · 3) . The result can be written in the form (5 · 4), but is even simpler than the GHP Hamiltonian since it is finite. However, the Dyson Hamiltonian is not hermitian, i.e., Hvt=!=Hv. But as has been discussed elsewhere this is not a fundamental impediment. 9 l The finite nature of Hn makes the Dyson representation especially suitable for nonperturbative calculations, and therefore it deserves further serious study. § 6. Summary and conclusions
The conventional boson expansion, in which particle-hole excitations of a closed-shell system are bosonized and which, in lowest order, yields the RPA, has been generalized to permit the inclusion of fermion-like valence particles or holes. This fermion-boson expansion accommodates completely the Pauli exclusion principle without redundant degrees of freedom. The formalism provides a microscopic foundation for models of particles or holes coupled to a vibrator, such as the cluster-vibration model.
Further extensions of this kind of formalism are being examined. For example, the generalized Holstein-Primakoff bosons can be replaced by generalized Schwinger bosons, which have been discussed elsewhere." 0 As another possibility, a microscopic quasiparticle-cluster vibration model can be developed by coupling Bogoliubov quasiparticles to a superfluid core whose excitons are bosonized.
The formalism presented above is an example in which "collective" (bosonized) and single-particle (ideal particles and holes) degrees of freedom can be introduced without double-counting. Of course, the particle-hole bosons are not the actual excitations of the closed shell. The latter are superpositions of these, to which the RPA normal modes are the leading-order approximations. The important goal for the future is to find the actual physical bosons representing the collective excitations, and then to introduce these together with the single-particle degrees of freedom. The present formalism may also provide a guide for achieving this. the two pairs being equivalent because of (A ·12).
For the next identity, it is convenient to introduce tensor operators (A')/ corresponding to powers of the matrix A/, defined recursively by As emphasized by Okubo, however, the square-root operators on the left have nonconvergent expansions.*> In practice, this turns out not to be a serious problem because a small' expansion parameter is introduced into the theory at a later stage. This occurs first when operators coupled to good angular momentum are expanded, which introduces an expansion parameter of order 1/ /2!i, where 2.Q = <2j + 1) is the average size of the valence shells, arising from the Racah coefficients. 10 > In addition, the subsequent introduction of RPA bosons multiplies this expansion parameter by small zero-point ampli~ tudes which ultimately control the rate of convergence. When working in the uncoupled representation, one may, if desired, introduce instead the expansions of the operators (A· 30) which converge for sufficiently small z, and then let z-1 after operation on a vector in the physical subspace.
For the final identity, introduce the ideal quasiparticle operators defined recursively by The comments concerning the convergence of the expansion of the square root operators in (A· 26) and (A· 29) hold equally well for the operator on the l.h.s. of (A· 35).
